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ABSTRACT 

We study the two-matrix model which represents the sum over closed and 
open random surfaces coupled to an Ising model. The boundary conditions are 
characterized by the fact that the Ising spins sitting at the vertices of the boundaries 
are all in the same state. We obtain the string equation and discuss the results. 
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Since the discovery of the double scaling limit ' ' , important progress has been 
achieved in the understanding of open-closed string theories in (p, q) conformal 
minimal model backgrounds. 

We have now a complete coherent description of the (2m — 1, 2) conformal 
minimal models coupled to 2D gravity. These theories are described by the KdV 
hierarchy associated with the lie algebra sl(2,C). Starting with the usual one- 
hermitian- matrix model' 1 ' 2 ' 31 , which describes the sum over closed surfaces, one 
finds that the KdV flow equations organize the operator structure of the (2m — 1, 2) 
theories. Supplying "initial conditions" given by the string equation yields a com- 
plete description of closed string theories in the (2m — 1,2) backgrounds. 
The operator content of the theories is fully understood. Indeed, the infinite num- 
ber of operators found by BRST analysis in the Liouville description' 41 is also present 
in the KdV formulation. The remaining KdV flows are identified studying the 
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macroscopic loops ' ' . They correspond to boundary operators (the boundary 
length and the infinite number of operators associated with it). The KdV hierarchy 
associated to sl(2, C) is thus the good framework to describe both closed and open 
string theories in (2m — 1,2) conformal minimal backgrounds. 
Moreover, a direct study of the one-hermitian-matrix model supplemented with 
a logarithmic potential - having the effect of adding surfaces with boundaries of 
finite extent in the partition function- has been performed in the double scaling 
limit . This leads to the generalization of the previous string equation to the case 
of a non-zero open string coupling. 

Finally, it has been shown' 101 that the s/(2,C) mKdV models are a different de- 
scription of the same open-closed string theories. 

The description of the general (p,q) models* coupled to 2D gravity is much 
more involved. Closed string theories in these backgrounds have been studied. 
They are realized in terms of multi-matrix models and are characterized in the 
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double scaling limit by the generalized KdV hierarchies ' ' . For a given q the 

* wc consider p > q 
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sl(q, C) KdV hierarchy organizes the operator structure of the theory. Once more, 
the spectrum of the theory contains the operators found in the Liouville description 
but some remaining flows no longer admit an interpretation in terms of boundary 
operators' 61 . Furthermore, the sl(q, C) KdV hierarchy does not allow a description 
of the boundary length. 

Related to this problem is the issue of finding a string equation describing open 
string theories in (p, q) backgrounds. In this case, when surfaces with boundaries 
of finite extent are added to the partition sum, one has to pay attention to the 
boundary problem. There are indeed q — 1 order parameters in the theory and the 
boundary conditions associated with them have to be fixed. 

Recently a string equation for general open string theories in (p, q) backgrounds 
has been derived by Johnson' 141 in the integrable model framework. This equation 
is obtained by studying the sl(q, C) generalization of a mapping which transforms 
the si (2, C) r-function characterizing the closed case into the sl(2, C) r-function of 
the open case. However by making use of the beautiful underlying mathematical 
structure and bypassing the matrix model route some physical informations are 
lost. It is very hard to know what are the boundary conditions associated with the 
string equation. 

This letter is concerned with the boundary condition problem. Starting with 
the discrete formulation, we work out an explicit example: the open string theory 
in the (4, 3) conformal background with fixed boundary conditions. In the spirit of 
ref. [9], using the orthogonal polynomial method, we study the two-matrix model 
which represents the sum over closed and open random surfaces coupled to an Ising 
model (IM). The boundary conditions are characterized by the fact that the Ising 
spins sitting at the vertices of the boundaries are all in the same state. We obtain 
the string equation and discuss the results. 



We are going to study, in the double scaling limit, the following two- matrix 
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model: F = InZ 



Z = [ VMiDM 2 exp (—-TrV(Mi, M 2 )) 



(1) 



where V is the asymmetrical potential: 




) (2) 



and e—jj. 

When 7 = 0, F corresponds to the sum over closed surfaces coupled to an Ising 
model The two matrices Mi, M2 are used to represent the two spin states. The 
solution of the model in this case is well-known [16,17 ' 18] . Since we have written g^ 1 - 
the parameter related to the bulk cosmological constant - in front of the potential, 
it is the direct diagramatic expansion of (1) which represents the sum over random 
surfaces (e is the closed string coupling) and the Ising spins sit on the vertices of 
the triangulations. When 7 7^ the logarithmic potential has the effect of adding 
surfaces with arbitrary boundaries of finite extent to the partition function' 8 ' 91 . In 
this case, F represents the sum over closed and open triangulated surfaces with 
the Ising spins sitting at the vertices of the boundaries all in the same state (e.g. 
all up). The parameter 7 is the open string coupling. In the continuum limit fi 
will correspond to the parameter which couples to the boundary length as well as 
the parameter which couples to the boundary magnetization (there is no way to 
distinguish them in this model). 



The model can be solved in the double scaling limit using the well-known or- 
thogonal polynomial method' 191 . We introduce as usual the orthogonal polynomials 
defined by: P r f(a) = a n + 0(a n - 1 ) 




(3) 
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Only P n (A) satisfies a three term recursion relation. We have: 



AP-(A) = P- +1 (A) + T-P-^X) + s-P-_ 3 (X) 

fi — 4 

uP+(u) = P+ +1 (u) + r+P+^u) + 5+P n + _ 3 (^) + E "WM 
It's convenient to introduce the orthonormal basis: 

and to define: 

''n 2 ' n 2 

The functions t, s, / satisfy: 



ct+ = f n (l - t+ +1 -t+- t+_i) ~ lfnK{n, n-l) 

i 

dn = fn(t~ +1 +t~+ t-_ x ) - -ffiK(n, n-l) 

cs n = -fnfn-lfn-2 ~ ^1 V ' fnf n-l f 71-2% '(", W - 3) 
C5 n = fnfn—lfn—2 = cs ri 



where 



The string equation is given by: 

en = —cf n + t n — tn{^n+l + + *n-l) ~~ (*n+l + + ^n-l) 
- S„ - S n +1 - Sn+2 ~ ifn K(n - 1, 7l) + 

c 

= — (*n+l + + ^ra-l) ~~ (*n+l + + ^n-l) 

+ 7 /k(n-l,n) + ^(n) 
c 



where 



A(n) = y/ f n f n -if n - 2 K(n, n - 3) + \J f n -if n f n +iK(n + 1, n - 2) 

, (13) 

+ V fnfn+lfn+2K(n + 2, n - 1) 

We now analyse separately the cases 7 = and 7 7^ 0. 
• 7 = 

It corresponds to the closed case which has already been solved' 16 ' 18 ' 171 . We 
rederive briefly the known results using our notations. The continuum limit is 
characterized by: 
f - ± t - i c-i a - 

Jc — 12? l c — 6' c — 4' — (12) 2 

As usual, we define the scaling variable z by ne = g c (l — a 2 z) and we take the 
scaling functions: 

/ = f c (l-Ju) 

t + = t c (l + a^r 1 + a^r 2 + a 2 r 3 ) (14) 
i =t c aw + 0(a3) 

The double scaling limit is reached when N — > 00 and a — > with = Gas 
held fixed. The parameter G is the renormalized closed string coupling. The 
susceptibility is given in this limit by -%pF = —-^u(x) where x = a _2 (l — g/g c ) is 
the continuum bulk cosmological constant. 

The first non-zero contribution of eq.(7) is of order as and gives: 

Uq = G 2 w" - 3uw = (15) 
where prime stands for ^. The string equation (11) becomes (at order a 2 ): 

K, = \[\u* + ^<?V 4 > - \g 2 u"u - \G\u'f + w 2 ]-z = (16) 
One verifies that the equation (12) is satisfied. The operator A becomes: A = 
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A c [l + aQ + 0(at)] with A c = and 



Q = - 1 -G 3 dl + 3 -G{u,d}- 3 -w (17) 



• 7^0 

Considering K(n,m), in the double scaling limit we have: 

X( „, n + i) = ^< 2 |_^ ,,__!_) [! + £,(„!)] (18) 

We make the hypothesis that Q derived from eq.(4) and given by eq.(17) is not 
modified at order a when 7^0. It will be checked later that this is indeed the 
case. 

Choosing exp (— /i c ) = A;? and defining the renormalized boundary "cosmological" 
constant M by: 

fi c -fji = aM (19) 

eq.(18) becomes: 

jr(„, „ + ,) = _<, | __| 2 -_> [1 + OM] 

G "I 2 

= -^[R (z, M) - ia*GRi(z, M) + 0(J)} 
A c 

where -Ro(z, M) is the resolvent and R\(z, M) is the first jet of the resolvent' 201 , to 
wit: 



Ro(z,M) = (z' 



M ~f (2D 

RUz, M) = d~Az I I z) 

u > ; «\ i M _ 2 Q 1 7 

We now turn to the determination of the string equation. Using the definition (14) 
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of w, eq.(7) leads to: 



„ _2 

= alf c t c (G 2 w" - 3uw) - 7/I [-^-Lrq( z , M) + 0(a"3)] (22) 



It is thus natural to define the renormalized open string coupling Y by 

7 = ah (23) 

As expected [8 ' 91 7 scales like Eq.(22) becomes: 

n = 27TGR (z,M) (24) 

Let us consider now eq.(6). Writing t + = t + (-f = 0) + 1 + one finds that : 

t + = -2f?\- ^[JRq + a 2 Ri + 0{aJ)} (25) 

Replacing t + , t~ and s in the string equation (11) we see that the terms of order 
as cancel and we obtain: 



K 1 = ?^[( 9 ^ + l)R 1 (z,M)-(l + ^)R' (z,M)] 

9cK c c (26) 

54 

= -G 2 T[2R 1 (z, M)-R' (z,M)] 




Moreover eq.(12) is satisified and the hypothesis that Q is still given by eq.(17) is 
right, the corrections being indeed of order O(as). 

Now, using a technique developed by Gel'fand and Dikii 201 , we compute a 
system of equations for the resolvent and the first five jets (see theorem 6 of ref . [20] ) . 
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We then extract a system of two equations for Ro and R\. The result is: 

- G 3 (2Ri - R' )W + -Gu'{2R 1 - R' Q ) + -Gu{2R 1 - R' )' 

g 4 2 (27) 

= 3w'R + -wR'q + 3MR' 

l G 4^(5) _ 5 G 2 MjR (3) _ ^2^(2) _ ( 3 G 2 M // _ _ ^2^(3) _ W)jRq 

= iGw / (2 J Ri - + ^Gw(2R 1 - R' )' + GM(2R X - R' Q )' 

(28) 

The model (1) is thus completely solved in the double scaling limit. The 
solution is given by eqns.(24), (26), (27) and (28). 

The results we obtain are compatible with those of ref. [14]. Indeed, modulo 
rescalings we recover in the particular (4,3) case the string equation found by 
Johnson (in his notation: R 2 = 2R\ — R' and i? 3 = 2Rq). The results we obtain 
confirm also that the sl(3, C) mKdV models are an equivalent description of 
open string theories in (p,3) backgrounds' 211 . 

Finally, it would be interesting to solve in the same spirit the model with the 
logarithmic potential: ln(l — e^ +p M 2 ) + ln(l — e^~ p M| ). This model would allow, 
in the double scaling limit, a description of the boundary magnetization constant 
p as well as a description of the boundary cosmological constant ji. It would 
presumably bring new insight to the boundary cosmological constant problem' 61 . 
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